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Abstract
The classical Heisenberg uncertainty principle states that for f ∈ L2(R),∫
R
x2
∣∣f (x)∣∣2 dx · ∫
R
ξ2
∣∣fˆ (ξ)∣∣2 dξ  1
4
‖f ‖4.
In this paper, we obtain this inequality and variants of it for the Jacobi transform. It implies an ana-
logue for the Jacobi–Dunkl transform. The proof is based on ultracontractive properties of the semigroups
generated by the Jacobi differential operator and on the estimate on the heat kernel.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
The classical Heisenberg uncertainty principle states that for f ∈ L2(R),∫
R
x2
∣∣f (x)∣∣2 dx · ∫
R
ξ2
∣∣fˆ (ξ)∣∣2 dξ  1
4
‖f ‖4, (1.1)
where
fˆ (ξ) = 1√
2π
∫
R
f (x)e−iξx dx.
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156 R. Ma / J. Math. Anal. Appl. 332 (2007) 155–163Inequality (1.1) was founded in 1920s, then studied by many people. And considerable at-
tention has been devoted recently to discovering new of and new contexts for the uncertainty
principle (see the survey [5] and the book [6] for other forms of the uncertainty principle). In
particular, Bowie studied the Heisenberg uncertainty principle for the Hankel transforms in [2].
Similar inequalities on Lie groups of polynomial growth was established in [9], which is based on
earlier work of Faris [4], Price and Sitaram [10]. The Hardy’s theorem for the Jacobi transforms
was obtained in [8].
As we know, the Jacobi transform is the Fourier cosine transform when α = β = −1/2. The
Jacobi transforms appear naturally in the theory of semi-simple Lie groups and play roughly the
role of the Fourier transform for radial functions there. They are also linked to blooming subject
of Dunkl transforms. In this paper we will use the method in [9] to establish an inequality analo-
gous to (1.1), and variants of it, for the Jacobi transform. The proof is based on ultracontractive
properties of the semigroups generated by the Jacobi differential operator and on the estimate on
the heat kernel.
The paper is arranged as follows. In Section 2, we recall some basic results about the Jacobi
transform. In Section 3, the Heisenberg uncertainty principle for the Jacobi transform is studied,
and as an application, we established an uncertainty principle for the Jacobi–Dunkl transform in
Section 4.
2. Jacobi transform
Let λ ∈ C, α  β − 12 , α = − 12 . The Jacobi functions φλ of order (α,β) is the unique even
C∞-solution of the differential equation(Lα,β + λ2 + ρ2)v = 0, v(0) = 1,
where ρ = α + β + 1 and Lα,β is the Jacobi differential operator
Lα,β = d
2
dx2
+
(
Δ′α,β(x)
Δα,β(x)
)
d
dx
with Δα,β(x) = (2 sinhx)2α+1(2 coshx)2β+1. The Jacobi functions φλ can be expressed by using
Gaussian hypergeometric function as
φλ(x) = 2F1
(
1
2
(ρ − iλ), 1
2
(ρ + iλ);α + 1;− sinh2(x)
)
,
There are some notations we should introduce.
Notations.
• D
(R+), the space of even C∞-functions with compact support on R.
• Lp(R+,Δα,β(x) dx), 1 p +∞, the space of even functions f on R such that
‖f ‖p =
( ∞∫
0
∣∣f (x)∣∣pΔα,β(x) dx)1/p < ∞, 1 p < ∞,
‖f ‖∞ = ess sup
x0
∣∣f (x)∣∣< ∞, p = ∞.
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‖f ‖p,c =
(
1
2π
∞∫
0
∣∣f (λ)∣∣p∣∣c(λ)∣∣−2 dλ)1/p < ∞, 1 p < ∞,
‖f ‖∞ = ess sup
λ0
∣∣f (λ)∣∣< ∞, p = ∞,
where
c(λ) := cα,β(λ) := 2
ρ−iλ(α + 1)(iλ)
( 12 (iλ + ρ))( 12 (iλ + α − β + 1))
.
Now we define the Jacobi transform f → fˆ by
fˆ (λ) := fˆ α,β(λ) :=
∞∫
0
f (x)φλ(x)Δα,β(x) dx, (2.1)
for all functions f on R+ and complex numbers λ for which the right-hand side is well defined.
The Jacobi transform reduces to the Fourier cosine transform when α = β = −1/2. We have the
following inversion formula and Parseval formula (see [7]).
Theorem 2.1 (The inversion formula). If f ∈D
(R+), x ∈ R, then
f (x) = 1
2π
∞∫
0
fˆ (λ)φλ(x)
∣∣c(λ)∣∣−2 dλ.
Theorem 2.2 (The Parseval formula). If f,g ∈D
(R+), then
∞∫
0
f (x)g(x)Δα,β(x) dx = 12π
∞∫
0
fˆ (λ)gˆ(λ)
∣∣c(λ)∣∣−2 dλ.
The mapping f → fˆ extends to an isometry of L2(R+,Δα,β(x) dx) onto L2(R+, dμ).
The generalized translate Ts of a function f ∈D
(R+) is defined by
Tsf (x) =
∞∫
0
f (u)K(s, x,u)Δα,β(u)du,
where the kernel K can be expressed as
K(s, x,u) = 2
−2ρ(α + 1)(cosh s coshx coshu)α−β−1
π
1
2 (α + 12 )(sinh s sinhx sinhu)2α
(
1 − B2)α− 12
× F
(
α + β,α − β;α + 1
2
; 1
2
(1 − B)
)
, |s − x| < u < s + x,
where
B = cosh
2 s + cosh2 x + cosh2 u − 1
.
2 cosh s coshx coshu
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(R+), define the convolution f ∗ g by
f ∗ g(x) =
∞∫
0
Txf (s)g(s)Δα,β(s) ds.
From [7], we deduce the following properties.
Properties of convolution.
1. For all f,g ∈D
(R+), we have
f̂ ∗ g(λ) = fˆ (λ)gˆ(λ).
2. If f ∈ Lp(R+,Δα,β(x) dx), g ∈ Lq(R+,Δα,β(x) dx), such that 1  p,q, r ∞ and 1p +
1
q
− 1 = 1
r
, then the function f ∗ g ∈ Lr(R+,Δα,β(x) dx), and
‖f ∗ g‖r  ‖f ‖p‖g‖q .
3. Uncertainty principle for the Jacobi transform
The Jacobi transform reduces to the Fourier cosine transform for α = β = − 12 . For a, b > 0,
we have∥∥xaf ∥∥ ba+b2 · ∥∥λbfˆ α,β∥∥ aa+b2,c  C‖f ‖2,
for all f ∈ L2(R+) from the Heisenberg inequality for the Fourier transform (see [5]). Now we
extend the uncertainty principle to arbitrary indices α  β − 12 , α > − 14 .
Let Dα := [ 12 ,1] if α  12 . For − 14 < α < 12 , if ρ  1, Dα := [ 12 , 2(α+1)3 ], otherwise Dα :=
( 12 ,
2(α+1)
3 ].
Theorem 3.1. For α  β  − 12 , α > − 14 , assume a, b > 0 and γ ∈ Dα . Then there exists a
constant C > 0 such that∥∥xγaf ∥∥ ba+b2 · ∥∥(λ2 + ρ2)b/2fˆ α,β∥∥ aa+b2,c  C‖f ‖2, (3.1)
for all f ∈ L2(R+,Δα,β(x) dx).
In our proof, the heat kernel ht (x) plays an important role, which is given by
ht (x) = 12π
∞∫
0
e−t (λ2+ρ2)φλ(x)
∣∣c(λ)∣∣−2 dλ, t > 0.
Denote L= −Lα,β , by using the inversion formula of Jacobi transform, one has
e−tLf = ht ∗ f
for all t > 0 and f ∈ L2(R+,Δα,β(x) dx). We can prove nice estimates for ‖ht‖2.
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(1) ‖ht‖2 ∼
{
t−(α+1)/2, t  1,
e−tρ2 t−3/4, t > 1,
for α  1
2
,
(2) ‖ht‖2 ∼
{
t−3/4, t  1,
e−tρ2 t−(α+1)/2, t > 1,
for −1
2
< α <
1
2
.
Here f ∼ g means there exist positive constants C1,C2 such that C1g  f C2g.
Proof.
‖ht‖2 =
{
1
2π
∞∫
0
e−2t (λ2+ρ2)
∣∣c(λ)∣∣−2 dλ} 12 = e−tρ2{ 1
2π
∞∫
0
e−2tλ2
∣∣c(λ)∣∣−2 dλ} 12 .
Using the equality (s + 1) = s(s) and an asymptotic formula for -function (see [1, Corol-
lary 1.4.4]), we have the following estimates of the c-function∣∣c(λ)∣∣−2 ∼ λ2(1 + |λ|)2α−1, λ ∈ R.
Then
‖ht‖2 ∼ e−tρ2
{
1
2π
∞∫
0
e−2tλ2
(
λ2 + λ2α+1)dλ} 12 ∼ e−tρ2(t− 32 + t−(α+1)) 12 ,
and the lemma will be proved from the above equivalence. 
The constant C below is not fixed and might change appropriately in different equalities or
inequalities.
Lemma 3.2. Let α  β  − 12 , α > − 14 , assume γ ∈ Dα and γ a < α + 1. Then for all f ∈
L2(R+,Δα,β(x) dx) we have∥∥e−tLf ∥∥2  Ct−a/2∥∥xγaf ∥∥2. (3.2)
Proof. For r > 0, let fr = f χ[0,r] and f r = f − fr . Then, since |f r(x)| r−γ a |xγaf (x)| and
e−tL is a semigroup of contractions,∥∥e−tLf r∥∥2  ∥∥f r∥∥2  r−γ a∥∥xγaf ∥∥2.
On the other hand, we have∥∥e−tLfr∥∥2 = ‖fr ∗ ht‖2  ‖fr‖1‖ht‖2
 ‖ht‖2
( r∫
0
x−2γ aΔα,β(x) dx
) 1
2 ∥∥xγaf ∥∥2.
In fact, Δα,β(x) ∼ e2ρx when x is big and Δα,β(x) ∼ x2α+1 when x ∼ 0. Under the assumption
on γ , we have that there exists some positive constant c such that( r∫
x−2γ aΔα,β(x) dx
) 1
2
 cr−γ aV (r),
0
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V (r) =
{
rα+1, r  1,
eρr , r > 1.
So ∥∥e−tLf ∥∥2  ∥∥e−tLfr∥∥2 + ∥∥e−tLf r∥∥2 Cr−γ a(1 + ‖ht‖2V (r))∥∥xγaf ∥∥2.
Choosing r = t 12γ (γ ∈ Dα), we obtain (3.2) by Lemma 3.1. 
We will prove Theorem 3.1.
Proof of Theorem 3.1. Assume that γ ∈ Dα , γ a < α + 1. If b 2, it suffices to prove that∥∥xγaf ∥∥ ba+b2 · ∥∥Lb/2f ∥∥ aa+b2  C‖f ‖2, (3.3)
for f ∈D
(R+), where L̂b/2f (λ) = (λ2 + ρ2)b/2fˆ (λ).
By (3.2),
‖f ‖2 
∥∥e−tLf ∥∥2 + ∥∥(1 − e−tL)f ∥∥2
Ct−a/2
∥∥xγaf ∥∥2 + ∥∥(1 − e−tL)(tL)−b/2(tL)b/2f ∥∥2.
The last term is controlled by tb/2‖Lb/2f ‖2, since the function (1 − e−s)s−b/2 is bounded for
s  0 if b 2. Therefore
‖f ‖2 C
(
t−a/2
∥∥xγaf ∥∥2 + tb/2∥∥Lb/2f ∥∥2),
from which, optimizing in t , we obtain (3.3) for γ a < α + 1 and b 2.
If b > 2, let b′  2. For u  0 and b′ < b, ub′  1 + ub which for u = ( λ2+ρ2

)1/2 gives the
inequality (λ
2+ρ2

)b
′/2  1 + ( λ2+ρ2

)b/2 for all  > 0.
It follows that∥∥(λ2 + ρ2)b′/2fˆ α,β∥∥2,c  b′/2‖f ‖2 + (b′−b)/2∥∥(λ2 + ρ2)b/2fˆ α,β∥∥2,c.
Optimizing in , we get∥∥(λ2 + ρ2)b′/2fˆ α,β∥∥2,c  ‖f ‖1−b′/b2 ∥∥(λ2 + ρ2)b/2fˆ α,β∥∥b′/b2,c .
Together with (3.1) for b′, we get the result for b > 2.
If γ a  α + 1, let γ a′ < α + 1, then using
xγa
′
γ a
′  1 +
xγa
γ a
,  > 0,
we get the result similarly. 
4. Uncertainty principle for Jacobi–Dunkl transform
In [3], a first-order differential-difference operator Tα,β was introduced:
Tα,βf (x) = d
dx
f (x) + Δ
′
α,β(x)
Δ (x)
f (x) − f (−x)
2
,
α,β
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namely Lα,βf (x) = T 2α,βf (x) for even function f . The differential-difference equation
(Tα,β + iλ)u = 0, u(0) = 1,
admits a unique C∞-solution ψλ(x) on R given by
ψλ(x) =
{
φμ(x) + iλ ddx φμ(x) if λ ∈ C \ {0},
1 if λ = 0,
with λ2 = μ2 + ρ2.
We denote by
• D(R), the space of C∞-functions with compact support on R;
• Lp(R,Δα,β(|x|) dx), p = 1,2, the space of functions f on R such that
‖f ‖p,R =
(∫
R
∣∣f (x)∣∣pΔα,β(|x|)dx)1/p < ∞;
• Lp(R, dσ (λ)), p = 1,2, the space of measurable functions f on R such that
‖f ‖p,σ =
(∫
R
∣∣f (λ)∣∣p dσ(λ))1/p < ∞,
where dσ is the measure given by
dσ(λ) = |λ|
8π
√
λ2 − ρ2|c(√λ2 − ρ2)|2 χR\(−ρ,ρ)(λ) dλ,
where χR\(−ρ,ρ) is the characteristic function of R \ (−ρ,ρ).
The Jacobi–Dunkl transform of a function f in D(R) is defined by
Ff (λ) =
∫
R
f (x)ψλ(x) dν(x).
The Jacobi–Dunkl transform has the following properties (see [3]).
Proposition 4.1.
1. For f = fe + fo ∈ D(R) where fe (respectively fo) is the even (respectively the odd) part
of f , we have
Ff (λ) = 2fˆ α,βe (μ) −
iλ
8(α + 1)
(
fo
sinh(2·)
)̂ α+1,β+1
(μ). (4.1)
2. For f ∈D(R), we have
f (x) =
∫
R
Ff (λ)ψ−λ(x) dσ (λ), x ∈ R.
162 R. Ma / J. Math. Anal. Appl. 332 (2007) 155–1633. For f,g ∈ L2(R,Δα,β(|x|) dx), we have the Parseval equality∫
R
f (x)g(x)Δα,β
(|x|)dx = ∫
R
Ff (λ)Fg(λ)dσ(λ).
As an application of Theorem 3.1, we will establish an uncertainty principle for the Jacobi–
Dunkl transform.
Theorem 4.1. For α  β  − 12 , α > − 14 , assume a, b > 0 and γ ∈ Dα . Then there exists a
constant C > 0 such that∥∥|x|γ af ∥∥ ba+b2,R · ∥∥|λ|bFf ∥∥ aa+b2,σ  C‖f ‖2,R (4.2)
for all f ∈ L2(R,Δα,β(|x|) dx).
Proof. D(R) is dense in L2(R,Δα,β(|x|) dx), so we need only to prove (4.2) for f = fe + fo ∈
D(R). By (4.1), we have
Ffe(λ) = 2fˆ α,βe (μ), Ffo(λ) = −
iλ
8(α + 1)
(
fo
sinh(2·)
)̂ α+1,β+1
(μ),
where λ2 = μ2 + ρ2. Then∥∥|x|γ afe∥∥ ba+b2,R · ∥∥|λ|bFfe∥∥ aa+b2,σ = ∥∥2xγafe∥∥ ba+b2 · ∥∥2(μ2 + ρ2)b/2fˆ α,βe (μ)∥∥ aa+b2,c
 C‖2fe‖2 = C‖fe‖2,R, γ ∈ Dα.
Let g(x) = fo(x)sinh(2x) , then g(x) ∈ L2(R+,Δα+1,β+1(x) dx),∥∥|x|γ afo∥∥ ba+b2,R · ∥∥|λ|bFfo∥∥ aa+b2,σ = ∥∥xγag∥∥ ba+b2 · ∥∥(μ2 + ρ2)b/2gˆα+1,β+1(μ)∥∥ aa+b2,c
 C‖g‖2 = C‖fo‖2,R, γ ∈ Dα+1,
where we used |cα+1,β+1(u)|−2 = μ2+ρ264(α+1)2 |cα,β(u)|−2 and (3.2) for g(x). By the orthogonality,
‖|x|γ (fo + fe)‖2 = (‖|x|γ (fo)‖22 + ‖|x|γ (fe)‖22)1/2 and the same for the other term. Then the
above two inequalities for fo and fe imply (4.2) because of the elementary inequality (A2 +
B2)s/2(C2 + D2)(1−s)/2  (AsC1−s + BsD1−s)/2 with A,B,C,D  0, s ∈ (0,1). 
References
[1] G. Andrew, R. Askey, R. Roy, Special Functions, Cambridge Univ. Press, 2000.
[2] P.C. Bowie, Uncertainty inequalities for Hankel transforms, SIAM J. Math. Anal. 2 (1971) 601–606.
[3] F. Chouchane, M. Mili, K. Trimche, Positivity of the intertwining operator and harmonic analysis associated with
the Jacobi–Dunkl operator on R, Anal. Appl. 1 (4) (2003) 387–412.
[4] W.G. Faris, Inequalities and uncertainty principles, J. Math. Phys. 19 (1978) 461–466.
[5] G.B. Folland, A. Sitaram, The uncertainty principle: A mathematical survey, J. Fourier Anal. Appl. 3 (1997) 207–
238.
[6] V. Havin, B. Jöricke, The Uncertainty Principle in Harmonic Analysis, Springer-Verlag, Berlin, 1994.
[7] T.H. Koornwinder, Jacobi functions and analysis on noncompact semisimple Lie groups, in: R. Askey, et al. (Eds.),
Special Functions: Group Theoretical Aspects and Applications, Reidel, 1984, pp. 1–84.
[8] T. Kawazoe, J.M. Liu, Heat kernel and Hardy’s theorem for Jacobi transform, Chinese Ann. J. Math. Ser. B 24 (3)
(2003) 359–366.
R. Ma / J. Math. Anal. Appl. 332 (2007) 155–163 163[9] P. Ciatti, F. Ricci, M. Sundari, Heisenberg–Pauli–Weyl uncertainty inequalities on Lie groups of polynomial growth,
preprint.
[10] J.F. Price, A. Sitaram, Local uncertainty inequalities for locally compact groups, Trans. Amer. Math. Soc. 308
(1988) 105–114.
